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Internal wave-driven transport of fluid away from the boundary of a lake
Danielle J. Wain,1,* Michael S. Kohn, Joshua A. Scanlon, and Chris R. Rehmann
Department of Civil, Construction, and Environmental Engineering, Iowa State University, Ames, Iowa
Abstract
A field experiment was conducted to study transport of fluid from the boundary to the interior of a lake.
Tracking of a tracer injected into the metalimnion was combined with measurements of meteorological forcing,
internal waves, and temperature microstructure. Seiches of vertical mode 2 and horizontal modes 1 and 2 were
initiated after a wind event, and the tracer moved 950 m into the interior after 29.2 h. Four potential mechanisms
for spreading of the tracer from the boundary to the interior were considered: intrusions from boundary mixing,
horizontal dispersion, advection by seiches, and advection and dispersion driven by internal waves. Some evidence
of boundary mixing was observed 0.5 h before the dye injection, when the speed of seiche-driven currents was
large, but a model of an intrusion driven by steady input overpredicted the propagation distance by a factor of
about two. A one-dimensional model with only dispersion yielded a dispersion coefficient of 0.8 m2 s21, and a
one-dimensional model with only advection caused by internal waves predicted the position of the peak
concentration and a change in longitudinal variance that was 60% of the measured change. Estimates of
dispersion caused by the interaction of vertical diffusion with velocity gradients in the internal wave field are large
enough to explain the rest of the spreading and suggest that the transport can be modeled as wave-driven
advection and dispersion.
The current model for mixing in lakes and oceans is that
turbulence created at the boundaries controls the deep
mixing. In much of the interior, stratification inhibits the
transport of nutrients, gases, and other dissolved substanc-
es, but on the sides and bottom, turbulence can be driven
by internal waves. For example, critically reflecting internal
waves increased the mixing on the sloping sides of Mono
Lake in the experiments of MacIntyre et al. (1999), and
currents from internal seiches generated a turbulent
boundary layer in the experiments of Gloor et al. (2000).
For boundary mixing to be important in a lake’s budgets of
heat and contaminants, however, the mixed fluid must be
transported away from the sides of the basin (Garrett
1990). In this study, we investigate mechanisms for
transport between the boundary and interior, including
intrusions resulting from boundary mixing, horizontal
dispersion, advection by seiching currents, and advection
and dispersion driven by internal waves.
Fluid mixed in a turbulent bottom boundary layer on a
slope can collapse into intrusions that propagate into the
interior. Gloor et al. (2000) observed a difference between
mixed layers on the bottom of the lake and the sloping
sides. In the latter case, the layers were thinner and more
intermittent, and they led to mixed water masses that
extended several hundred meters into the lake’s interior. In
the experiments of Wain and Rehmann (2010), currents
from seiches increased eddy diffusivity on the slope and
caused an intrusion to form; dye tracking and turbulence
measurements showed that the intrusion’s propagation was
consistent with a model for radial spreading with a balance
between buoyancy and inertia.
Many studies have modeled transport in the horizontal
directions (i.e., x and y) as dispersion, characterized by
dispersion coefficients Kx and Ky. Although the dispersion
coefficient is usually assumed to be constant for tracer
studies in rivers, in lakes, it increases with time t as the
tracer cloud grows and includes larger scales of motion
(Imboden and Wu¨est 1995). Various models for scale-
dependent dispersion in lakes have been tested: Assuming
that the turbulence is in the inertial subrange leads to a
cloud variance, which is related to the size of the cloud, that
grows as t3. However, Peeters et al. (1996) found that a
shear-diffusion model best described the evolution of the
cloud. In that model, the variance s2x consisted of the sum
of two components: a linear increase in time caused by
diffusion in the x direction and an increase proportional to
t3 caused by vertical and transverse diffusion across steady
velocity gradients.
Scalars can also be transported by advection from
currents associated with internal waves. For lakes in which
Earth’s rotation is unimportant, mean advection by waves
might be expected to be small because the currents oscillate
and horizontal velocities for a vertical mode-1 wave are
small in the middle of the metalimnion. In contrast,
horizontal velocities are highest in the middle of the
metalimnion for a vertical mode-2 (V2) wave. Evidence
for transport by V2 waves was presented by Marti and
Imberger (2008), who associated changes in a well-defined
turbid layer with changes in the bottom boundary layer as
seiches passed over a slope. They concluded that the turbid
layer was advected offshore by residual currents.
Although the oscillatory nature of the currents might
make net transport by advection alone unlikely, spatial
variations in velocity can lead to shear dispersion and
straining of the contaminant cloud. Young et al. (1982)
studied shear dispersion in an infinite fluid with velocity
u 5 u0cos mz cos vt, where u0 is the maximum velocity,
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m is the wave number in the vertical (or z) direction, and v
is the radian frequency. The effective diffusivity Keff of the
cloud is the sum of the horizontal diffusivity Dx and a term
resulting from vertical diffusion (with diffusivity Dz) across
the velocity gradient:
Keff~Dxz
1
4
u20
v
d
1zd2
ð1Þ
where d 5 Dzm2/v. In the ‘‘slow diffusion’’ limit (d , 1),
the additional diffusivity is proportional to the vertical
diffusivity Dz, whereas in the ‘‘fast diffusion’’ limit (d . 1),
it is inversely proportional to Dz. This mechanism could
not explain the horizontal dispersion in tracer studies in the
coastal ocean, however; the predicted diffusivity was up to
an order of magnitude too low (Sundermeyer and Ledwell
2001). In lakes, straining might also be important because
horizontal velocities in internal wave fields increase with
distance from a boundary. Steady strain is more effective
than steady shear at enhancing diffusion because the
vertical wavenumber of the concentration distribution
increases exponentially under strain but only linearly under
shear (Young et al. 1982). However, this enhancement
depends on the unbounded nature of the velocity field
(Young et al. 1982), and the effects of the oscillations in an
internal wave field on this enhancement have not yet been
studied.
We investigated transport between the boundary and
interior of a lake. Temperature microstructure was
measured to assess the occurrence of boundary mixing,
and dye was injected in the metalimnion near the sloping
side of the lake and tracked to quantify horizontal
transport. The four mechanisms of transport discussed
above—intrusions resulting from boundary mixing, hori-
zontal dispersion, advection by seiching currents, and
advection and dispersion driven by internal waves—were
evaluated.
Methods
Experiment—The experiment was performed in West
Okoboji Lake near Arnolds Park, Iowa (Fig. 1). The lake
has a surface area of 15.6 km2, a length of , 9 km, a mean
depth of 12 m, and a maximum depth of 41 m. Except for
three shallow bays, the south end of the lake has
moderately steep sides, and the steepness of the sides of
the lake decreases toward the north. Along the lake’s main
axis, which is approximately aligned with the primary wind
direction, the slope of the lake bed at the north end is
, 0.5%, and the slope at the south end, where the dye
was injected, is , 10%. Inflow to the lake comes from
groundwater and surface runoff from a catchment of
61 km2, whereas outflow occurs through a 3 m deep
channel in the bay on the east side. Because the channel is
much shallower than the summer thermocline, the outflow
from West Okoboji Lake consists only of epilimnetic water.
A Lake Diagnostic System (LDS, Precision Measure-
ments Engineering [PME] and the Centre for Water
Research) measured meteorological forcing and profiles
of water temperature. The LDS was deployed in 25 m of
water in the thalweg near the south end of the lake (Fig. 1).
Wind speed and wind direction were measured , 2 m
above the water surface with a propeller anemometer and a
wind vane (Met One Instruments). To help estimate the
heat fluxes across the water surface, a pyranometer (LI-
COR) measured the solar radiation, and a pyrradiometer
(Middleton Solar) measured net radiation. The relative
humidity and air temperature, used in the heat budget, were
also measured , 2 m above the water surface by a
combined sensor (Vaisala). Water temperatures were
measured every 15 s with thermistors spaced at 1 m
intervals along a thermistor chain. An additional PME
thermistor chain was deployed in 21 m of water (Fig. 1)
and sampled every 15 s; thermistor spacing was 1 m in the
upper half of the water column and 0.5 m in the lower half.
Profiles of temperature fluctuations generated by turbu-
lence were measured with a Self-Contained Autonomous
MicroProfiler (SCAMP, PME). The SCAMP uses two
Thermometrics FP07 thermistors, whose response time,
nominally 7 ms, depends on probe speed and sensor
construction (Gregg 1999). The fall velocity of the SCAMP
was tuned using floats or additional weights to maintain a
target of 10 cm s21. Temperatures were recorded at 100 Hz,
and profiles of temperature gradient were computed from
the time derivative of the voltage signals from the
thermistors using Taylor’s hypothesis. The SCAMP also
has an optical backscatter sensor to measure turbidity.
Profiles were collected in the downward mode, in which the
SCAMP measured from the top of the water column to the
lake bed with the sensor end leading. Three sets each with
three profiles were collected at the injection site; one set was
measured 0.5 h before the dye injection, and the others were
measured 5.0 and 25.5 h after the injection.
Rhodamine WT was injected in the metalimnion to track
fluid from the slope moving into the interior. The middle of
Fig. 1. Bathymetric map of West Okoboji Lake. Depth
contours are marked every 5 m. The locations of the instruments
and dye injection are also shown.
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the metalimnion was taken to be the depth of the peak in
the amplitude of the first vertical mode of internal waves,
and the injection occurred at 13.3 m depth on the 19uC
isotherm. At this depth, mixing caused by boats was
unimportant, and photodecay caused by sunlight was
negligible. The injection location (Fig. 1) was chosen
because it lies along the major wind axis and because the
side slopes were large enough for critical wave reflection.
The injection site was , 100 m from the south end of the
lake, and the injection occurred during a southerly wind;
the small fetch resulted in quiet conditions at the injection
site. The dye mixture consisted of 2 liters of Rhodamine
WT mixed with 1.35 liters of ethanol and 88 liters of surface
water to match the density on the target isotherm. The
mixture was pumped over 4 min through hoses to a diffuser
at the target depth; a real-time depth sensor ensured that
the diffuser remained at a constant depth during this time.
Water taken from the injection depth was used to rinse the
hoses for another 4 min so that dye would not enter the
water column as the injection device was raised and
retrieved.
After the dye was injected, it was tracked using a Self-
Contained Underwater Fluorescence Apparatus (SCUFA,
Turner Designs) and a conductivity, temperature, and
depth profiler (CTD, Sea-Bird Electronics). The SCUFA
compensates for the effect of temperature on fluorescence.
It was calibrated with a 50 3 1026 kg m23 Rhodamine WT
standard solution; the calibration was checked before the
experiment with 5 3 1026 and 100 3 1026 kg m23
standards and confirmed after the experiment with a 50 3
1026 kg m23 solid standard. The SCUFA and CTD were
mounted together in a protective cage, integrated with a
global positioning system, and sampled simultaneously at
4 Hz. The dye cloud was sampled with a tow-yo method, in
which the instruments were raised and lowered at
, 0.25 m s21 as the boat moved. Each transect through
the cloud started outside the cloud and ended when the dye
concentration returned to the background value, and
transects were added until the entire cloud was sampled,
which took, on average, between 4 and 5 h. The horizontal
transport was investigated using maps of the depth-
integrated concentration, or column integral, because it
removes the effects of internal waves on the depth of the
cloud.
Stratification and internal waves—The stratification was
characterized by the density profile and buoyancy frequen-
cy. The mean temperature profiles in the north and south
parts of the lake were computed by averaging thermistor
measurements from the thermistor chain and the LDS,
respectively, over the 7 d of the experiment. To estimate the
profile below 25 m depth, temperatures measured on 08
July 2009 by the Iowa State University Limnology
Laboratory (ISULL) were used. Temperatures below 25 m
did not vary over time, and the profiles from the LDS and
ISULL agreed well at depths of, 25 m. The density profile
r(z) was computed with the equation of state from Chen
and Millero (1977), and the buoyancy frequency was
computed as N 5 [2(g/r0)dr/dz]1/2, where g is the
acceleration of gravity and the reference density r0 was
taken to be the mean density of the profile. To determine
the extent of the metalimnion, two temperature gradient
thresholds were compared, 0.25uC m21 and 0.50uC m21.
We selected the latter because it more closely approximated
the natural breaks in the density profile.
The strength of the wind was compared with the strength
of the stratification with the Lake number,
LN~
gSt 1{zT=zsð Þ
rsu
2A
1=2
s 1{zv=zsð Þ
ð2Þ
where zT is taken as the location of the maximum isotherm
displacement of the first vertical mode seiche, zs is the
height of the water surface, rs is the density at the surface,
u
*
is the shear velocity in the water, As is the area of the
surface, zv is the height of the center of volume, and St is the
stability of the water body, defined as
St~
ðzs
0
(zv{z)r(z)A(z)dz ð3Þ
where A(z) is the surface area as a function of depth. The
hypsograph of the lake (i.e., A(z)) was obtained from the
Iowa Department of Natural Resources. A low-pass filter
with a cutoff frequency corresponding to T1/4, where T1 is
the period of the first vertical mode/first horizontal mode
(V1H1) wave, was applied to the wind speed data, and the
shear velocity of the wind u*a was determined from
relations in Wu¨est and Lorke (2003). The shear velocity
in the water was then calculated as
u~
ra
rs
 1
2
ua ð4Þ
where ra is the density of air. When the duration of the
wind exceeds T1/4, a V1H1 wave can be set up (Spigel and
Imberger 1980); in this case, the Lake number represents
the ratio of the stabilizing moment caused by the
stratification and the overturning moment caused by the
wind. For smaller durations or other wave modes, this
interpretation does not hold, but the Lake number still
provides a nondimensional measure of the strength of the
wind.
The frequencies and structure of the first three vertical
internal wave modes were estimated by solving the
eigenvalue problem in Gill (1982, p. 161) using the
temperature profile for the 25 m deep water column
averaged over the duration of the experiment. Isotherm
depths were computed by interpolating between tempera-
tures measured by the LDS and the thermistor chain. The
isotherms were filtered at a period of T1/4 to remove high-
frequency motions.
Vertical mixing—Vertical eddy diffusivity was estimated
from temperature microstructure, a heat budget, and
vertical spreading of the dye. Temperature microstructure
was used to compute eddy diffusivity in the two ways
described by Wain and Rehmann (2005). The dissipation of
temperature variance xT was computed by assuming
isotropy and integrating the difference of the observed
temperature gradient spectrum Sobs, computed in segments
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of 512 points, or , 0.5 m, and the noise spectrum Sn over
the wavenumber k1 (Soga and Rehmann 2004),
xT~6DT
ð?
0
Sobs(k1){Sn(k1)½ dk1 ð5Þ
where DT is the molecular diffusivity of temperature. Eddy
diffusivity was computed with the relation from Osborn
and Cox (1972):
DzT~
xT
2 LT=Lz
 2 ð6Þ
The mean temperature gradient was computed from the
gradient of the mean temperature from all profiles taken at
a given time. Values of xT were assigned to 0.5 m bins; this
size is sufficient because an analysis of overturning scales
showed that the maximum overturn was , 0.4 m. The
individual values of xT and the mean temperature gradient
were used to compute instantaneous estimates of DzT using
Eq. 6. The logarithmic mean of xT was then used to
compute a mean profile of DzT.
The eddy diffusivity was also estimated from e, the rate
of dissipation of turbulent kinetic energy. A theoretical
form of the temperature gradient spectrum was fit to
spectra measured with the SCAMP; the one-dimensional
spectrum SB(k1) of the temperature gradient is
SB(k1)~
ﬃﬃﬃ
q
2
r
xT
DTkB
k e{k
2=2{k
ð?
k
exp ({x2=2)dx
 
ð7Þ
where the parameter q is taken to be 3.4 (Ruddick et al.
2000). The dissipation e and Batchelor wavenumber
kB~(e=nD
2
T )
1=4, where n is the kinematic viscosity and
k 5 (2q)1/2k1/kB, were determined by fitting the spectrum in
Eq. 7 to measured temperature gradient spectra at high
wavenumbers, using the approach of Ruddick et al. (2000).
The eddy diffusivity was then computed with the method of
Osborn (1980),
Dzr~C
e
N2
ð8Þ
where the coefficient C was assumed to be 0.2, and the
buoyancy frequency was computed from the temperature
gradient in each segment.
Temperature profiles from the LDS and the thermistor
chain were used to compute diffusivity with the heat budget
method of Jassby and Powell (1975),
Dzh(z)~
1
LT=Lz
1
A(z)
d
dt
ðzs
z
A(z)T(z)dz
 
{
1
rcp
R(z)
 
ð9Þ
where cp is the specific heat of water and R(z) is the solar
radiation flux. The solar radiation flux was calculated using
the net radiation at the surface as measured by the LDS
and the light extinction coefficient estimated from Secchi
disk measurements. In the metalimnion, the first term was
, 102 times larger than the radiation term. Diffusivities
were computed from temperature profiles averaged in five
48 h periods over a total of 6 d, and the profiles were
averaged to obtain a profile of vertical eddy diffusivity Dzh.
The vertical eddy diffusivity was also estimated from
moments of the dye concentration distribution. Spurious
concentration readings corresponding to high turbidity
when the instrument cage hit the lake bed were removed.
Measurements with concentrations greater than the back-
ground value were plotted as a function of latitude,
longitude, and temperature and integrated over the
horizontal plane to produce a profile of concentration C
as a function of temperature. This approach accounts for
the effect of internal waves that might displace the dye. A
profile of concentration as a function of depth was
determined using the time-averaged temperature profile
from the LDS. Then the vertical eddy diffusivity was
computed as
Dzd~a
s2zb{s
2
za
tb{ta
ð10Þ
where a is a coefficient, t is time, and the subscripts a and b
denote the sampling times of 10.5 h and 29.2 h after
injection, respectively. The variance is defined as s2z~
M2z=M0z{ M1z=M0zð Þ2, and Mnz~
Ð zs
0
znCdz is the nth
moment of the concentration distribution. Because the dye
cloud occupied only a small part of the interior of the water
column, the depth was effectively infinite, and the coefficient
a was taken as 1/2 (Fischer et al. 1979, section 2.3.1).
Horizontal transport—Horizontal transport was ana-
lyzed with two one-dimensional approaches. The evolution
of C~
ÐÐ
C dydz, where y is the transverse (i.e., approxi-
mately east–west) direction, can be determined by integrat-
ing the equation for conservation of dye mass over the y
and z directions:
LC
Lt
z
L
Lx
U C
 
~
L
Lx
Kx
LC
Lx
 
ð11Þ
where x is the coordinate in the offshore (i.e., approxi-
mately north–south) direction, Kx is the horizontal
dispersion coefficient, and U is the horizontal velocity
averaged over the vertical extent of the dye cloud. Equation
11 assumes that the horizontal velocity is approximately
constant over the extent of the dye cloud in the y and z
directions.
In the first approach, the transport was assumed to be
entirely dispersive; that is, U 5 0. In that case, Eq. 11
becomes a diffusion equation, and if Kx is assumed to be
constant, a moment analysis similar to that leading to Eq.
10 can be applied. However, because the injection was near
the boundary, the coefficient a must be modified. The
variance for a point injection at x 5 0 is
s2~s20z2Kxt{
Kx
M0x
 2
I2 ð12Þ
where moments are computed in the x direction (e.g.,
M0x~
Ð?
0
Cdx) and
I~
ðt
0
C(0, t’)dt’ ð13Þ
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Estimating the last term in Eq. 12 by using the solution for
an instantaneous injection on the boundary leads to
Kx~
p
2p{4
s2xb{s
2
xa
tb{ta
ð14Þ
The coefficient, which is , 1.4, is about three times larger
than that for spreading in an infinite fluid.
In the second approach, the transport was assumed to be
entirely advective; that is, Kx 5 0. The velocity U was
estimated from the isotherm displacement, f, measured at
the LDS by assuming linear internal waves with low-mode
horizontal response in a basin with rectangular geometry.
A low-pass filter was applied to the isotherm displacements
so that only frequencies smaller than the V1H1 frequency
were considered. The vertical velocity at the LDS was
computed as w0(z, t) 5 hf(z, t)/ht, and for a two-
dimensional incompressible flow in a rectangular basin of
length L, the horizontal velocity from horizontal mode nx
was estimated as
U(x, t)~{
L
nxp
Lw0
Lz
sin
nxpx
L
	 

ð15Þ
where hw0/hz was evaluated on the injection isotherm. The
transport driven by both mode 1 and mode 2 waves (i.e.,
nx 5 1 and nx 5 2) was considered. Additionally, the
displacement of the 20.5uC isotherm was fit to the sum of
two waves with frequencies equal to the natural V2H1 and
V2H2 frequencies determined as described above. The
amplitudes and phases from the fit of the H1 and H2 waves
were then used to construct a composite velocity field with
the two waves. Measurements of C during one survey and
the computed velocity fields were used in Eq. 11 with Kx 5
0 to advance the field of C in time and compare with the
measurements during a later survey. To compute spread
into the interior in this 1-D model, the coordinate system
was rotated to coincide with the major axis of the dye
cloud, and the cross-cloud integrals of concentration were
computed perpendicular to this axis.
Results
Stratification and wind—The profiles of temperature at
the LDS in the south end of the lake and the thermistor
chain on the north side of the lake differed by , 3%
throughout the whole water column (Fig. 2). The largest
differences in the buoyancy frequency occurred in the
surface layer and near the bottom. The surface temperature
at both locations was , 22uC, and the temperature at the
bottom of the lake at the LDS was , 13uC. A metalimnion,
which corresponded to temperatures between 16uC and
20.5uC, was present from 11.5 to 16 m depth, and the
maximum buoyancy frequency occurred near 13.5 m.
Because of the large periods of the internal waves, the
conditions up to 3 d before the dye injection might be
important. During the study period, when the wind was
above , 5 m s21, it blew mainly from the north or the
south along the primary axis of the lake, and the Lake
number dropped below 10 (Fig. 3). During periods of low
wind speed, the wind direction varied more. At the time of
the dye injection, the wind was, 5–6 m s21 from the south.
As a result, the Lake number for most of 20 July 2009
remained between 1 and 10. However, on 21 July 2009, the
wind speed dropped and remained mostly , 5 m s21 and
the wind direction varied. The Lake number exceeded and
remained above 10 for the rest of the study, with the
exception of a short wind event on 21 July 2009.
Internal waves—The estimated natural periods of the
first (V1H1) and second vertical mode (V2H1) waves were
16.9 and 52.2 h, respectively. The effect of the Earth’s
rotation on seiche structure can be quantified with the
Rossby radius LR5 2L/( fTi), where L is the basin length at
the thermocline, f is the Coriolis parameter, and Ti is the
period of the seiche. For West Okoboji Lake, which has a
length L of 7600 m, the Rossby radii of 2.5 km for the
V1H1 seiche and 1 km for the V2H1 seiche were both
greater than the lake width at the depth of the thermocline
of, 0.5 km. Therefore, the effect of Earth’s rotation on the
seiches was small.
Internal waves early in the study indicated a vertical
mode 2 response to the wind (Figs. 4, 5). When the wind
blew from the north on 17 and 18 July 2009, the
metalimnion near the south end of the lake was compressed
(Figs. 4b, 5), while it expanded farther north (Fig. 4c),
consistent with a V2 response. The wind then relaxed just
before 00:00 h on 19 July 2009, and the Lake number
remained above 10 until the second large wind event of the
study period occurred at 17:00 h on 19 July 2009. After the
Fig. 2. Stratification during the tracer experiment: (a) time-
averaged temperature profile and (b) time-averaged buoyancy
frequency N as measured by the LDS thermistor chain and the
north thermistor chain (T-Chain). The two pairs of horizontal
lines indicate the metalimnion corresponding to different values of
the threshold for temperature gradient; a threshold of 20.5uC
m21 is used in the rest of the analysis.
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wind relaxed, the thickness of the metalimnion on the south
side began to increase, while the thickness of the
metalimnion farther north increased for 18 h and then
decreased. Because the natural period of the V2H1 wave
was . 50 h, the 17 h between wind events did not allow the
metalimnion to oscillate freely. Instead, the second wind
event came from the south and enhanced the compression
of the metalimnion toward the north and the expansion of
the metalimnion near the south. This wind event lasted
, 29 h until 22:00 h on 20 July 2009; the dye was injected
during this time. After 22:00 h on 20 July 2009, the
metalimnion near the south end of the lake compressed,
and the metalimnion toward the north remained com-
pressed as well. At 17:00 h on 21 July 2009, the thickness of
the metalimnion at both ends of the lake increased and
remained at , 5 m of separation after 07:00 h on 22 July
2009. The expansion and contraction of the metalimnion at
the opposite ends of the lake suggest seiches with a first
horizontal mode, whereas periods of simultaneous expan-
sion and contraction imply the existence of second
horizontal modes as well.
Vertical eddy diffusivities—Vertical eddy diffusivity from
temperature microstructure measurements increased near
the bottom of the lake just before the injection (Fig. 6). The
mean dissipation of turbulent kinetic energy increased
below a depth of 12 m (Fig. 6a). At 0.5 h before the
injection, the eddy diffusivity was between 1026 and
1025 m2 s21 below a depth of , 4 m, but both DzT and
Dzr increased to values on the order of 1024 m2 s21 at the
Fig. 3. Conditions during the experiment: (a) wind speed, (b) wind direction, and (c) Lake number. The pairs of solid vertical lines
identify periods when dye clouds were mapped; the three vertical dotted lines represent when microstructure measurements were taken;
the heavy dashed line denotes the injection time; and the horizontal dashed line in panel c indicates a Lake number of 10.
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injection depth (Fig. 6b). However, with only three profiles,
the uncertainty in these estimates is large.
At 5.0 h after the injection, dissipation e was mostly
, 1028 m2 s23 below a depth of 4 m, except for a single
value . 1027 m2 s23 from one profile (Fig. 6c), and the
mean eddy diffusivity was close to the molecular diffusivity
of temperature, or 1.5 3 1027 m2 s21, near the injection
depth (Fig. 6d). Similar comments apply to the profiles
measured at 25.5 h after the injection, although some values
of DzT and Dzr from individual profiles were up to
1025 m2 s21 near the injection depth.
The eddy diffusivities estimated from the heat budget
and dye spreading were comparable near the south end of
the lake. The heat budget method (Eq. 9) yielded a value of
Fig. 4. Internal waves during the study: (a) filtered wind speed along with the wind direction when the Lake number was below 10,
(b) isotherm depths at the LDS (i.e., near the south end of the lake), and (c) isotherm depths at the thermistor chain farther north.
Isotherms at 0.5uC intervals between 14uC and 22.5uC are shown. The thick line denotes the injection isotherm (19 uC), and the bottom of
the lake is shown at , 20 m depth in panel (c).
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Dzh averaged from 17 July 2009 to 22 July 2009 of 4 3
1026 m2 s21 at the injection depth at the LDS and , 10
times larger at the thermistor chain (Fig. 7). This difference
was likely due to the location of the thermistor chain on the
northern, sloping lake boundary compared with the flatter,
mid-lake location of the LDS.
The eddy diffusivity was also determined from the
horizontally averaged profiles of dye concentration
(Fig. 8). The profile from the survey centered at 10.5 h
extended , 2.1 m from 12.2 m to 14.3 m depth. The survey
centered at 29.2 h after the injection showed that the cloud
spread and sank; it extended 3.5 m from 12.3 m to 15.8 m
depth. The mass of tracer in the survey at 10.5 h was, 20%
larger than that in the survey at 29.2 h. The vertical eddy
diffusivity Dzd calculated with Eq. 10 was 4 3 1026 m2 s21,
or equal to Dzh computed over a 6 d period. These estimates
are , 25 times smaller than the diffusivities from
microstructure measured at the injection depth before the
injection. Whereas DzT and Dzr can quantify the mixing at
a particular time and location, Dzh is an average over
several days, and Dzd is an average over the duration of the
study and the horizontal extent of the dye cloud.
Horizontal transport—During the four dye surveys
(Fig. 9), , 10% of the initial dye released was recovered.
The rest was likely lost to sorption to sediments or
vegetation. The first dye mapping, which occurred imme-
diately after the injection, ensured that no dye in the water
column was missed, but the concentrations were too high to
be measured reliably. At 50.2 h, the concentrations were
too small to detect most of the patch. Thus, the spreading
of dye between the 10.5 and 29.2 h surveys was used to
investigate horizontal transport processes.
The dye cloud moved east along the injection isobaths
before moving into the interior. The maximum value of the
column integral remained close to the shore. By 29.2 h after
the injection, the dye spread , 950 m away from the
boundary. The horizontal mixing coefficient Kx required to
explain spreading between the surveys at 10.5 and 29.2 h in
the absence of advection is 0.8 m2 s21.
Horizontal transport driven only by advection from
internal waves was also computed. The observed displace-
ment of the 20.5uC isotherm was fit with the sum of an H1
wave with an amplitude of 1.3 m and an H2 wave with an
amplitude of 0.3 m (Fig. 10). The phase shift between the
waves was , 3u. Although the H1 wave amplitude is five
times larger than the H2 wave amplitude, the contribution
of the H2 wave could not be neglected. The raw and filtered
16uC and 20.5uC isotherms, which mark the edges of the
metalimnion, show the compression of the metalimnion at
the LDS during the first 30 h of the experiment (Fig. 11a).
The horizontal velocity computed with Eq. 15 reached a
maximum of almost 15 cm s21 for an H1 wave and
10 cm s21 for an H2 wave (Figure 11b). The velocities for
the combination of H1 and H2 waves fell between those
values and closer to the H1 velocity, as expected because of
the relative contributions of the two waves.
The advection model (i.e., Eq. 11 with Kx 5 0) with the
combined wave predicts some of the features of the profile
of integrated concentration at 29.2 h (Fig. 12). Both the H1
and combined models predicted the position of the peak in
the profile well; the combined model predicted the
magnitude of the peak slightly better than the H1 model,
but both overpredicted. The H2 model predicted that the
peak would be farther offshore and smaller. None of the
models predicted dye inshore of the injection point, as
observed in the measurements. The change in variance s2x
for the profiles for both the H1 model and the combined
model is 60% of that for the measured profile.
Discussion
Boundary mixing—Measurements of vertical eddy diffu-
sivity provided some evidence for boundary mixing before
the tracer injection. Eddy diffusivities DzT and Dzr from
one set of microstructure profiles were on the order of
1024 m2 s21 at the injection depth, and the eddy diffusivity
increased by about two orders of magnitude between 12
and 13 m depth (Fig. 6b). When boundary mixing occurs,
the mixing offshore is expected to be weaker than the
Fig. 5. Thickness of the metalimnion. The thickness is defined as the distance between the
16uC and 20.5uC isotherms.
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Fig. 6. Profiles of dissipation of turbulent kinetic energy and
vertical eddy diffusivity from microstructure measurements at the
injection site: (a) dissipation e 0.5 h before injection, (b) eddy
diffusivities DzT andDzr 0.5 h before injection, (c) dissipation 5.0 h
after injection, (d) eddy diffusivities 5.0 h after injection,
(e) dissipation 25.5 h after injection, and (f) eddy diffusivities
25.5 h after injection. Dots show values from individual profiles,
and solid lines show the logarithmic mean. Most of the dye was
detected between 12 and 16 m depth.
Fig. 7. Profiles of vertical eddy diffusivity from the heat
budget method. Dots show values from individual profiles, and
solid lines show the time average of all profiles. Error bars show
some representative 95% confidence intervals.
Fig. 8. Concentration profiles averaged over the horizontal
area of the dye clouds during the surveys centered at 10.5 h (solid)
and 29.2 h (dashed) after injection. Concentration was recorded as
a function of temperature and converted to a function of depth
using the temperature profile at the LDS averaged over 20–22
July 2009.
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mixing onshore. For example, in the experiment of Wain
and Rehmann (2010), onshore values of the eddy diffusivity
were 10 times greater than offshore values, and in the
experiment of MacIntyre et al. (1999), the difference was
even larger. We had no offshore microstructure measure-
ments to compare with the onshore measurements. The
values of DzT and Dzr at the injection depth 0.5 h before the
injection exceeded the eddy diffusivities estimated from the
heat budget at the LDS by a factor of 25, but Dzh, which is
computed from a 2 d average, would be expected to be
smaller than eddy diffusivities from microstructure mea-
sured during mixing events.
The basin-scale internal waves were not likely to cause
mixing by reflecting critically or breaking. At the injection
Fig. 9. Horizontal spreading of dye. Maps of the column integral are shown for the surveys centered at (a) 2.3 h after injection
(0–4.5 h), (b) 10.5 h after injection (9.3–11.8 h), (c) 29.2 h after injection (25.8–32.6 h), and (d) 50.2 h after injection (48.4–52.1 h). The
black line surrounding the dye cloud indicates where the column integral drops to 1% of the maximum value for a given mapping.
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site, the buoyancy frequency of 0.028 rad s21 and the slope
S of , 10% yielded a critical frequency fc of 39 cycles d21
(cpd). This frequency is much larger than the wave
frequencies f for the first two vertical modes during the
tracer study (1.4 cpd and 0.46 cpd), and although power
spectra (not shown) show broadband energy density near
the critical frequency, the energy density was 104 times
smaller than the values at the seiching frequencies. For
these reasons, the main internal waves at the injection site
were subcritical, and little or no boundary mixing from
critically reflecting internal waves occurred.
Mixing by breaking of basin-scale internal waves was
also unlikely to be important. Boegman et al. (2005)
classified breaking internal waves with the internal
Iribarren number x 5 S/(f0/l)1/2, which involves the
boundary slope S and wave slope f0/l, where f0 is the
amplitude of the isotherm displacement and l is the
wavelength. With an amplitude f0 of 1.5 m and a
wavelength l of twice the length of the lake, the internal
Iribarren number j is 10, about twice as large as the largest
value considered in the experiments of Boegman et al.
(2005). The large value of j suggests that most of the wave
energy was reflected away from the boundary and that
waves on the injection slope were collapsing breakers,
which induce minimal boundary mixing.
The most likely explanation for mixing is turbulence
generated by seiching currents. The diffusivities in Fig. 6
are consistent with the currents in Fig. 11b: At 0.5 h before
the injection, the horizontal speed was on the order of
10 cm s21, and the eddy diffusivity increased toward the
bottom. At 5.0 and 25.5 h after the injection, the horizontal
speed was close to zero, and the eddy diffusivities were
much smaller. Wain and Rehmann (2010) attributed the
mixing in their experiments to a similar mechanism.
Mechanisms of horizontal transport—Four candidates for
the mechanism of horizontal transport from the boundary
Fig. 10. Displacement of the 20.5uC isotherm and the
composite H1/H2 wave that was a best fit to the observations.
Fig. 11. Data for computing advection by internal waves
from injection to the end of the third dye survey: (a) raw and
filtered displacements of the 16uC and 20.5uC isotherms.
Displacements were filtered with a low-pass filter with a cutoff
frequency of 1.4 cpd; (b) horizontal velocity computed with Eq. 15
for three different horizontal mode structures at the depth of the
injection isotherm at the LDS.
Fig. 12. Comparison between observed spreading and model
prediction of spreading caused by advection from internal waves.
The curves are normalized by the total mass (M0) in the profile.
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of a lake were discussed in the introduction. The
propagation of intrusions depends on the force balance at
the generation site, which is assessed with the turbulent
Froude, Reynolds, and Grashof numbers, defined as
FrT~e
1=3
.
NL
2=3
C
	 

, ReT~e
1=3L
4=3
C
.
n, and GrT~NL
2
C

n,
respectively, where LC is the centered displacement scale.
Measurements near the injection depth at 0.5 h before the
injection yield FrT 51.8, ReT 5 2100, and GrT 5 1200,
which fall in the range estimated for boundary mixing
processes (Imberger and Ivey 1991). Whereas the Froude
number is comparable to that estimated in the bottom
boundary layer in the experiments of Wain and Rehmann
(2010), the Reynolds and Grashof numbers are 40 and 70
times larger, respectively. Because ReT . 15 and GrT . 15,
effects of buoyancy and inertia dominate effects of
viscosity, and any intrusions should be governed at least
initially by a buoyancy–inertia balance (Wain and Reh-
mann 2010).
Despite conditions that might lead to an intrusion, the
observed spreading does not agree with predictions for the
propagation of intrusions. For a two-dimensional intrusion
with steady input at a flow rate per unit width of Q9, Chen
(1980) showed that the distance to the transition from a
buoyancy–inertia balance to a viscous–buoyancy balance is
Lt2D 5 0.67(Q93/Nn2)1/2 and the distance that an intrusion
will propagate in time t is L2D 5 0.71(Q9N)1/2t. The change
in volume per unit width of the dye cloud (i.e., the change
in cross-sectional area) between the surveys at 10.5 and
29.2 h after the injection gives Q9 < 0.04 m2 s21, and the
transition distance Lt2D of 26 km suggests that the
buoyancy–inertia balance held throughout the experiment.
The estimated propagation distance L2D of 2200 m is more
than twice the observed length of the dye cloud.
In contrast, similar predictions for an axisymmetrically
spreading intrusion predicted the spreading of dye in a
smaller lake quite well (Wain and Rehmann 2010). One
reason for the difference between predictions and observa-
tions in the present case could be the unsteadiness in
forcing. Wain and Rehmann (2010) modeled spreading as
an intrusion with steady input because a second event with
strong winds occurred during their tracer study; they also
noted that seiching motions can maintain a bottom
boundary layer (Gloor et al. 2000). Also, the duration of
their study was , 19 times the period of the dominant
internal waves. During the present study, the winds
weakened after the injection (Fig. 3). Eddy diffusivities at
the injection depth at 5.0 and 25.5 h after the injection were
small (Fig. 6); as noted above, they corresponded to times
of small current speeds (Fig. 11b). Larger diffusivities
might have occurred at the injection site when the current
was large again (e.g., , 12 h after the injection). Although
the study in Wain and Rehmann (2010) spanned several
wave periods, the time of the third mapping of the dye
cloud in our study is , 60% of the period of V2H1 waves.
Extending the intrusion models to account for oscillatory
input would be useful for assessing transport from the
boundary to the interior in lakes.
The one-dimensional transport model with only disper-
sion (i.e., Eq. 11 with U 5 0) yielded a longitudinal
dispersion coefficient Kx of 0.8 m2 s21. Compared with the
longitudinal dispersion coefficients measured in Lake
Ontario by Murthy (1976), this value is at the upper end
of the range for the hypolimnion and below the range for
the epilimnion. It also falls in the range (0.01 , Kx ,
13 m2 s21) measured by Stevens et al. (2004) in a lake with a
length of 100 km and a width of 1.7–5 km, but it is about an
order of magnitude smaller than the dispersion coefficients
estimated using a numerical model of the diffusion
equation applied to measurements in an arm of Lake
Constance (Maiss et al. 1994). Comparing with the results
of Lawrence et al. (1995) and Peeters et al. (1996) is more
difficult; they computed the variance in a way that
combines spreading along the major and minor axes of
the cloud, whereas in our case, spreading in the y direction
was confined by the injection isobaths (Fig. 9). In any case,
our value of Kx 5 0.8 m2 s21 exceeded the effective
horizontal diffusivities of Peeters et al. (1996) by more than
a factor of 2.5 and the apparent diffusivities of Lawrence et
al. (1995) by more than a factor of 30.
The approach for estimating Kx differs from the
approaches used in previous work. One difference, dis-
cussed in detail below, is that it does not include shear
dispersion, as in a model considered by Peeters et al. (1996).
Another difference is that Kx is assumed to be constant
over the 29.2 h between the injection and third dye survey,
whereas most previous studies find that Kx increases in time
(Imboden and Wu¨est 1995). Fitting a more complicated
model to results from two surveys would be questionable;
furthermore, using constant Kx allowed the effect of the
boundaries to be accounted for explicitly in the analysis
leading to Eq. 14. Uncertainty in the coefficient in Eq. 14
arises from the assumed form of C(0, t’) in Eq. 13; in
particular, the injection was not precisely at the boundary.
As the injection point moves away from the boundary, the
coefficient should approach 1/2, which holds for an infinite
fluid. In this sense, our estimate is an upper bound for Kx.
The other limiting case for one-dimensional transport is the
model with advection only, which performed about as well as
can be expected. The position of the peak of the profile of C,
which depends mainly on advection, was predicted well for
H1 and combined H1 and H2 waves, despite the assumption
that the horizontal velocity varies longitudinally as it would in
a rectangular box (i.e., Eq. 15). The overprediction of the
peak, the lack of spreading up the slope, and the smaller
spread can be attributed to the neglect of dispersion in the
model. Achieving the same value of s2x would require
dispersion characterized by a Kx of , 0.3 m2 s21. Although
this model includes only advection, some horizontal mixing
must be present to move the dye away from the boundary,
where the horizontal velocity is zero.
This dispersion can result from the interaction of
turbulent transport and velocity gradients. Because the
lake is , 500 m wide at the depth of the injection, shear
dispersion from horizontal diffusion and transverse (i.e.,
east–west) gradients of velocity might contribute to the
spreading. Easier to quantify is the dispersion from
diffusion across the vertical gradients of velocity; this effect
can be estimated with Eq. 1 in the slow diffusion limit
because, for our measurements, Dzm2/v 5 O(1022). Our
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estimated velocity field yields an additional diffusivity that
reaches values on the order of 0.1 m2 s21 at , 200 m from
the injection site. The horizontal velocity, and thus the
additional diffusivity, would be larger at greater distances
from the boundary—at least until the antinode of the H1
seiche is reached. Therefore, the interaction of turbulent
transport and velocity gradients might be able to account
for the transport not included in the advection-only model.
Of course, the velocity field in West Okoboji Lake is
more complicated than the velocity field considered by
Young et al. (1982). Even if it is assumed to be two-
dimensional, the velocity field consists of oscillating
horizontal and vertical velocities u and w that both vary
in the x and z directions. The velocity U computed with Eq.
15 accounts for longitudinal variations in the horizontal
velocity, but the advection-only model includes neither the
other velocity gradients nor the interaction between
velocity gradients and diffusion. To investigate the effect
of these variations, we consider the velocity field for linear
internal waves in a linearly stratified, rectangular box,
u~{f0v
m
k
sin kx cosmz sinvt
and w~f0v cos kx sinmz sinvt
ð16Þ
where k is the horizontal wavenumber. For longV2waves near
the boundary (i.e., kx% 1) and for injections near the middle
of the thermocline (i.e., z < zs/2), the velocity field becomes
u&mf0vx sinvt and w&{mf0vz’ sinvt ð17Þ
where z9 5 z 2 zs/2. Therefore, dye or other scalars would
experience oscillating strain, or gradients in directions parallel
to the velocity components. For both components, the rate of
strain ismf0v; therefore, the ratio of the timescale of strain and
the timescale of the wave is (mf0)21. For a depth of 25 m, the
straining time is about three times greater than the timescale of
the V2H1 wave. This estimate demonstrates that both the
oscillation in the currents and the straining are relevant for the
transport. For contaminants in the middle of the metalimnion,
the larger horizontal velocities in a V2 wave and the enhanced
spreading caused by strain (Young et al. 1982) suggest that
transport from the boundary into the interior could be greater
for a V2 wave than a V1 wave. Our future work includes
quantifying the effect of the interactions of diffusion with the
velocity gradients in more detail.
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